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Abstract. Universal quantum gates are the core elements in quantum information
processing. We design two schemes to realize more general (SWAP)1/m and controlled–
(swap)1/m gates (for integer m ≥ 1) by directing flying single photons to solid–state
quantum dots. The parameter m is easily controlled by adjusting two quarter–wave
plates and one half–wave plate. Additional computational qubits are not required
to construct the two gates. Evaluations of the gates indicate that our proposals are
feasible with current experimental technology.
1. Introduction
Quantum information processing (QIP), which exploits the quantum features of
superposition and entanglement, promises to outperform its classical counterparts in
solving certain computationally demanding problems in terms of security or speed [1].
Quantum computing has the potential to execute Shor’s factorization algorithm [2, 3]
and Grover’s search algorithm [4–6], which are dramatically faster than traditional
algorithms. Quantum computation allows one to build more efficient, secure, and
useful quantum computers than the existing classical ones [1]. Quantum communication
possesses unprecedented advantages over classical communication. It holds an arduous
assignment for absolutely secure and reliable information dissemination as well as
faithful transfer of unknown quantum states between distant sites.
It is well known that quantum gates are the core elements in QIP. Controlled-
NOT (CNOT) gates are among the most popular universal gates and are essential for
various quantum information protocols [7, 8]. (SWAP)1/m gates are the cheapest and
the most natural two–qubit gates, and they can be used widely in quantum computation
and communication [9]. In 2008, Balakrishnan and Sankaranarayanan [10] studied the
entangling character of (SWAP)1/m gates. It has been shown that the (SWAP)1/m family
of gates is universal and as efficient as CNOT gates in terms of the required gate count
in performing arbitrary two–qubit quantum operations [9]. Therefore, (SWAP)1/m gates
provide a way to implement quantum computation independent of CNOT gates; three
(SWAP)1/m gates and six single-qubit gates are sufficient and necessary to implement
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arbitrary two–qubit operations [9]. Controlled-(swap) (Fredkin) gates, first introduced
by Fredkin and Toffoli [11], play an important role in classical reversible computation
and multi-user quantum communication [1]. Controlled-(swap) gates and Hadamard
gates are competent to synthesize any multiqubit unitary operation [11]. Moreover,
controlled–(swap) gates can be directly applied to error–correction [12, 13], quantum
fault tolerance [14], quantum algorithms [15], fingerprinting [16,17], optimal cloning [18],
and controlled entanglement filtering.
Significant progress has been made on the (SWAP)1/m family of gates in recent
years. Early in 1995, Barenco et al. [7] proved that three CNOT gates are sufficient
to implement a SWAP gate. In 2005, Fiorentino et al. [19] presented an interesting
scheme to realize a linear–optical SWAP gate for the momentum and polarization
degrees of freedom (DOFs) of a single photon. In the same year, Liang and Li [20]
fulfilled the construction of a SWAP gate between a single photon and an atom. A
few values of m and the corresponding entangling character of (SWAP)1/m gates were
proposed by Balakrishnan et al. [10] in 2008. Subsequently, in 2010, Koshino et al. [21]
showed a photon–photon (SWAP)1/2 gate via a three–level Λ system. In 2015, Wei
et al. [22] designed a quantum circuit to implement a solid–state (SWAP)1/m gate
assisted by diamond nitrogen–vacancy (NV) centers. In 2018, a passive swap operation
was demonstrated based on a single photon and an atom in a material Λ-system [23],
which provided a versatile building block to achieve universal quantum gates such as
(SWAP)1/2 [24]. In 2019, Calafell et al. created a (SWAP)1/2 gate with high fidelity and
success rate by employing strong two–plasmon absorption in graphene nanoribbons [25].
The optimal cost of a controlled–(swap) gate is five two-qubit entangling gates
[26, 27]. In 2006, Fiura´sˇek [28] designed a linear optical controlled–(swap) gate with
4.1×10−3 success probability. Subsequently, utilizing partial–SWAP gates, Fiura´sˇek [29]
presented the linear optical controlled–(swap) gate again. In 2008, Gong et al. [30]
further improved the success probability of the controlled–(swap) gate to 1/64 based
on time entanglement and linear optics. In 2016, Wei et al. [31] proposed a scheme
of achieving a two–photon four–qubit controlled-(swap) gate via NV defect centers. In
2017, Ono et al. [32] experimentally demonstrated a photonic controlled–(swap) gate.
Over the same period, controlled–(swap) gates were also obtained in a hybrid system
comprising flying photons and atomic ensembles [33]. In 2018, Ren et al. [34] constructed
a near–deterministic polarization–spatial hyperparallel controlled–(swap) gate with high
fidelity and efficiency using NV centers in the optical cavity.
Thus far, various apparatuses have been proposed to implement QIP, and solid–
state devices emerged as one of the most popular candidates among physical systems
due to their good scalability, possible coherent control, and readout of the single spins.
Photon–mediated interactions between solid–state matter (solid state as the quantum
node and a photon as the quantum bus) are of fundamental importance in long–distance
solid–state QIP [35]. Single–photon Hadamard gates [36], deterministic two–photon
controlled–phase gates [37], and single–photon transports [38] were designed through
atom–mediated interactions. Semiconducting quantum dots (QDs) in cavities are an
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Figure 1. (Color online) (a) Structure of a singly charged QD inside a double–sided
optical microcavity with a circular cross–section. (b) Energy–level scheme of a singly
charged QD inside a double–sided optical microcavity with the polarization allowed
transition rules for the coupling photons. |R〉 (|L〉) represents a right–circularly (left–
circularly) polarized photon.
outstanding service for solid-state qubits, and remarkable progress has been achieved
in QD–spin QIP. QDs could be assembled experimentally in large arrays and designed
to have certain characteristics. The electronic spin confined in a charged QD supports
µs coherence time [39, 40] and ps or fs time–scale single–qubit manipulations [41–44].
The manipulation and measurement of the QD spin can be achieved electrically [45]
or optically [46]. Researchers have devoted much effort to the integration of charged
QDs with cavities to improve photon–QD interactions. Charged QDs amalgamated
with nanophotonic micropillar cavities have been experimentally demonstrated recently
[47–49].
In this paper, we propose two schemes to definitively implement solid–state
(SWAP)1/m and controlled–(swap)1/m gates for single QD qubits embedded in double–
sided microcavities. The electron spins in single charged QDs serve as gate qubits,
whereas flying photons act as mediated matter (bus) for bridging distant QDs. The spin-
dependent phase shifts on uncoupled photons are employed to construct (SWAP)1/m and
controlled–(swap)1/m gates. Our schemes have the following characters: (1) They are
generalized and integer is m ≥ 1; (2) the controllable parameter m can be achieved
by employing two quarter–wave plates (QWPs) and one half–wave plate (HWP); (3)
additional electrons are not required in the construction of the two gates; and (4) our
schemes are simpler than their synthesis–based and cross–Kerr–based counterparts.
2. Solid-state (SWAP)1/m gate
Figure 1 illustrates the structure and energy level diagram for a negatively charged
QD trapped in a doubled–sided microcavity [50]. An excess electron is injected, and a
negatively charged exciton X− consisting of two electrons of opposite spin bounded to
one heavy hole with two possible spin orientations is created by optical excitation [51]. A
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qubit is encoded in two ground electron spin states | ↑〉 and | ↓〉, with angular momentum
projections Jz = ±1/2. The exciton spin states are | ↑↓⇑〉 and | ↓↑⇓〉. Here, | ⇑〉 and
| ⇓〉 are the heavy hole spin states with Jz = ±3/2. Because of the conservation of total
spin angular momentum, the transition | ↑〉 → | ↑↓⇑〉 is the resonance derived from
the Sz = +1 circularly polarized photon, marked by R
↑ and L↓. | ↓〉 → | ↓↑⇓〉 is the
resonance originating from the Sz = −1 circularly polarized photon, marked by R↓ and
L↑. Here, R and L denote the right– and left–circularly polarized photons, respectively.
The superscripts ↑ and ↓ of R (L) indicate that the propagation directions of the R–
(L–) polarized photons are along and against the z axis, respectively.
The transmission and reflection coefficients of the incident photon are obtained by
solving the Heisenberg equations of motion for cavity mode, which is driven by the
corresponding input field operators aˆin and aˆ
′
in from the top and bottom of the cavity,
and from the dipole–lowering operations (i.e., aˆ and σ−) [52]
daˆ
dt
= −
[
i(ωc − ω) + κ+ κs
2
]
aˆ− gσ− −
√
κ aˆin −
√
κ aˆ′in + Hˆ,
dσ−
dt
= −
[
i(ωX− − ω) + γ
2
]
σ− − gσzaˆ+ Gˆ,
(1)
and the input–output relationships in the cavity are expressed as [52]
aˆr = aˆin +
√
κ aˆ, aˆt = aˆ
′
in +
√
κ aˆ. (2)
We take 〈σz〉 = −1; that is, a sufficiently large κ is taken by the external electrical
field to ensure a weak excitation approximation throughout our operation, which is
applicable to single–photon process, and even two–photon process [53]. Thus, the
reflection/transmission coefficients of a realistic QD–cavity system can be written as
follows [54]
r(ω) = 1 + t(ω), t(ω) =
−κ[i(ωX− − ω) + γ2 ]
[i(ωX− − ω) + γ2 ][i(ωc − ω) + κ+ κs2 ] + g2
. (3)
Here, ωc, ω, and ωX− are the resonance frequencies of the cavity mode, the input
incident single-photon pulse, and the dipole transition of the negatively charged exciton
X−, respectively. g is the corresponding QD–cavity coupling strength. γ/2, κ, and κs/2
are defined as the decay rates of the X− dipole, the total cavity energy, and the cavity
energy leakage, respectively. Hˆ and Gˆ denote the noise operators related to reservoirs
and are needed to conserve the commutation relations. σz is the inversion operator of
the singly charged QD, and aˆin, aˆ
′
in and aˆr, aˆt are the input and output field operators,
respectively.
When κ κs (side leakage from the cavity is negligible), under resonance frequency
condition ωc = ω = ωX− , the spin–dependent optical transitions can be written as [55,56]
|R↑ ↑〉 → |L↓ ↑〉, |R↓ ↑〉 → −|R↓ ↑〉, |R↑ ↓〉 → −|R↑ ↓〉, |R↓ ↓〉 → |L↑ ↓〉,
|L↑ ↑〉 → −|L↑ ↑〉, |L↓ ↑〉 → |R↑ ↑〉, |L↑ ↓〉 → |R↓ ↓〉, |L↓ ↓〉 → −|L↓ ↓〉. (4)
The underlying mechanism is that, for coupled photon–trion interactions, the circularly
polarized photon is reflected without any phase shift, whereas for decoupled photon–
trion interactions, the photon is transmitted with a pi-phase shift.
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Next, we utilize above spin–dependent quantum phase to construct the (SWAP)1/m
gate between two independent QD spins, see figure 2. The effect of such (SWAP)1/m
gate can be presented by the unitary matrix
U(SWAP)1/m =

1 0 0 0
0 1+e
ipi/m
2
1−eipi/m
2
0
0 1−e
ipi/m
2
1+eipi/m
2
0
0 0 0 1
 , (5)
in the computational {| ↑a↑b〉, | ↑a↓b〉, | ↓a↑b〉, | ↓a↓b〉} basis.
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Figure 2. (Color online) Schematic diagram for the construction of a deterministic
solid-state (SWAP)1/m gate for m ≥ 1. Each PBS represents a polarizing beam
splitter in the {|R〉, |L〉} basis transmitting the R–polarized component and reflecting
the L–polarized component, respectively. ±PBS transmits the |+〉–polarized photon
and reflects the |−〉-polarized photon, respectively. S is a phase gate performing the
operation S = eipi/m|R〉〈R| + |L〉〈L| on the right arm. BS stands for the balanced
beam splitter. Each D denotes a single–photon polarization detector.
Firstly, suppose the two QDs are initially prepared into arbitrary normalization
state
|Φe〉 = (cosα| ↑a〉+ sinα| ↓a〉)⊗ (cos β| ↑b〉+ sin β| ↓b〉). (6)
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For the gate operation, a single photon in state |Rl〉 is injected. The polarizing
beam splitter (PBS) in the {|R〉, |L〉} basis transmits the R-polarized component to
interact with the QDa. That is, PBS1 transforms the state of the whole system from
|Φep〉0 = |Rl〉 ⊗ (cosα| ↑a〉+ sinα| ↓a〉)⊗ (cos β| ↑b〉+ sin β| ↓b〉) (7)
into
|Φep〉1 = |R↓l 〉 ⊗ (cosα| ↑a〉+ sinα| ↓a〉)⊗ (cos β| ↑b〉+ sin β| ↓b〉). (8)
Here, subscripts e and ep stand for the electron state and the hybrid electron-photon
state, respectively. The interaction between R–polarized wave packet and QDa induces
the system from |Φep〉1 to
|Φep〉2 = (− cosα|R↓l 〉| ↑a〉+ sinα|L↑l 〉| ↓a〉)⊗ (cos β| ↑b〉+ sin β| ↓b〉). (9)
Here, the subscripts l or r (mentioned later) of R↓ (L↑) denote that the R↓– (L↑–)
polarized component is emitted from the left or right arms, respectively (see figure 2).
From equations (6)–(9) combining with equation (4), one can see that the
transformation of roundl1 in figure 2 can be described by a unitary matrix Uroundl1 ,
Uroundl1 =

−1 0 0 0
0 0 0 1
0 0 −1 0
0 1 0 0
 , (10)
in the {|R〉| ↑〉, |R〉| ↓〉, |L〉| ↑〉, |L〉| ↓〉} basis.
Subsequently, the photons interact with roundl2, and then the state of the system
becomes
|Φep〉3 = cosα cos β|R↓l 〉| ↑a↑b〉 − cosα sin β|L↑l 〉| ↑a↓b〉
− sinα cos β|L↑l 〉| ↓a↑b〉+ sinα sin β|R↓l 〉| ↓a↓b〉. (11)
Next, as shown in figure 2, the L–polarized components are reflected to interact
with roundr1, roundr2, phase gate S = e
ipi/m|R〉〈R| + |L〉〈L|, and 50:50 balanced beam
splitter (BS) in succession. Alternatively, the R–polarized components are transmitted
to roundl1, roundl2, and BS in succession. Before and after the photons interact with
roundr1 and roundr2 (roundl1 and roundl2), Hadamard operations Hea and Heb are
performed on QDa and QDb, respectively. It is worth mentioning that the single–qubit
operation performed on QD can be realized by using a ns spin resonance microwave pulse
[41] or ultrafast ps (or fs) optical pulse from the cavity side [42] within the spin coherence
time (20 µs) [40]. When (pi/2)y pulses are applied to complete Hea and Heb, the incident
photon can be stored in optical circular or matter qubit. S = eipi/m|R〉〈R|+ |L〉〈L| can
also be actualized by employing P(2m+1
2m
pi), QWP(pi
4
), HWP(m+1
4m
pi), QWP(pi
4
). The
transformations of phase shifter P(α), half–wave plate HWP(β) and quarter–wave plate
QWP(γ) rotated by α, β, and γ, respectively can be written as [57]
UP(α) =
(
eiα 0
0 eiα
)
, (12)
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UHWP(β) = e
ipi
2
(
cos 2β sin 2β
sin 2β − cos 2β
)
, (13)
UQWP(γ) =
1√
2
(
1 + i cos 2γ i sin 2γ
i sin 2γ 1− i cos 2γ
)
. (14)
The operations of Hea and Heb can be described as
| ↑〉 ↔ 1√
2
(| ↑〉+ | ↓〉), | ↓〉 ↔ 1√
2
(| ↑〉 − | ↓〉). (15)
The transformations of 50:50 BS can be written as
|Rl〉 ↔ 1√
2
(|Rl〉+ |Rr〉), |Ll〉 ↔ 1√
2
(|Ll〉+ |Lr〉),
|Rr〉 ↔ 1√
2
(|Rl〉 − |Rr〉), |Lr〉 ↔ 1√
2
(|Ll〉 − |Lr〉). (16)
Therefore, Hea and Heb change |Φep〉3 to be
|Φep〉4 = 1
2
cosα cos β|R↓l 〉(| ↑a↑b〉+ | ↑a↓b〉+ | ↓a↑b〉+ | ↓a↓b〉)
−1
2
cosα sin β|L↑r〉(| ↑a↑b〉 − | ↑a↓b〉+ | ↓a↑b〉 − | ↓a↓b〉)
−1
2
sinα cos β|L↑r〉(| ↑a↑b〉+ | ↑a↓b〉 − | ↓a↑b〉 − | ↓a↓b〉)
+
1
2
sinα sin β|R↓l 〉(| ↑a↑b〉 − | ↑a↓b〉 − | ↓a↑b〉+ | ↓a↓b〉). (17)
Roundl1, roundl2, roundr1, and roundr2 transform |Φep〉4 into
|Φep〉5 = 1
2
cosα cos β(|R↓l 〉| ↑a↑b〉 − |L↑l 〉| ↑a↓b〉 − |L↑l 〉| ↓a↑b〉+ |R↓l 〉| ↓a↓b〉)
−1
2
cosα sin β(|L↑r〉| ↑a↑b〉+ |R↓r〉| ↑a↓b〉 − |R↓r〉| ↓a↑b〉 − |L↑r〉| ↓a↓b〉)
−1
2
sinα cos β(|L↑r〉| ↑a↑b〉 − |R↓r〉| ↑a↓b〉+ |R↓r〉| ↓a↑b〉 − |L↑r〉| ↓a↓b〉)
+
1
2
sinα sin β(|R↓l 〉| ↑a↑b〉+ |L↑l 〉| ↑a↓b〉+ |L↑l 〉| ↓a↑b〉+ |R↓l 〉| ↓a↓b〉). (18)
After S gate is applied on the right arm, |Φep〉5 is projected as
|Φep〉6 = 1
2
cosα cos β(|R↓l 〉| ↑a↑b〉 − |L↑l 〉| ↑a↓b〉 − |L↑l 〉| ↓a↑b〉+ |R↓l 〉| ↓a↓b〉)
−1
2
cosα sin β(|L↑r〉| ↑a↑b〉+ eipi/m|R↓r〉| ↑a↓b〉 − eipi/m|R↓r〉| ↓a↑b〉 − |L↑r〉| ↓a↓b〉)
−1
2
sinα cos β(|L↑r〉| ↑a↑b〉 − eipi/m|R↓r〉| ↑a↓b〉+ eipi/m|R↓r〉| ↓a↑b〉 − |L↑r〉| ↓a↓b〉)
+
1
2
sinα sin β(|R↓l 〉| ↑a↑b〉+ |L↑l 〉| ↑a↓b〉+ |L↑l 〉| ↓a↑b〉+ |R↓l 〉| ↓a↓b〉). (19)
BS induces |Φep〉6 to be
|Φep〉7 = 1
2
√
2
cosα cos β(|R↓l 〉| ↑a↑b〉 − |L↑l 〉| ↑a↓b〉 − |L↑l 〉| ↓a↑b〉+ |R↓l 〉| ↓a↓b〉)
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− 1
2
√
2
cosα sin β(|L↑l 〉| ↑a↑b〉+ eipi/m|R↓l 〉| ↑a↓b〉 − eipi/m|R↓l 〉| ↓a↑b〉 − |L↑l 〉| ↓a↓b〉)
− 1
2
√
2
sinα cos β(|L↑l 〉| ↑a↑b〉 − eipi/m|R↓l 〉| ↑a↓b〉+ eipi/m|R↓l 〉| ↓a↑b〉 − |L↑l 〉| ↓a↓b〉)
+
1
2
√
2
sinα sin β(|R↓l 〉| ↑a↑b〉+ |L↑l 〉| ↑a↓b〉+ |L↑l 〉| ↓a↑b〉+ |R↓l 〉| ↓a↓b〉))
+
1
2
√
2
cosα cos β(|R↓r〉| ↑a↑b〉 − |L↑r〉| ↑a↓b〉 − |L↑r〉| ↓a↑b〉+ |R↓r〉| ↓a↓b〉)
+
1
2
√
2
cosα sin β(|L↑r〉| ↑a↑b〉+ eipi/m|R↓r〉| ↑a↓b〉 − eipi/m|R↓r〉| ↓a↑b〉 − |L↑r〉| ↓a↓b〉)
+
1
2
√
2
sinα cos β(|L↑r〉| ↑a↑b〉 − eipi/m|R↓r〉| ↑a↓b〉+ eipi/m|R↓r〉| ↓a↑b〉 − |L↑r〉| ↓a↓b〉)
+
1
2
√
2
sinα sin β(|R↓r〉| ↑a↑b〉+ |L↑r〉| ↑a↓b〉+ |L↑r〉| ↓a↑b〉+ |R↓r〉| ↓a↓b〉). (20)
Hea and Heb are performed on QDa and QDb again, which evolve |Φep〉7 into
|Φep〉8 = |+l〉
2
( cosα cos β| ↓a↓b〉 − cosα sin β(1− e
ipi/m
2
| ↑a↓b〉+ 1 + e
ipi/m
2
| ↓a↑b〉)
− sinα cos β(1 + e
ipi/m
2
| ↑a↓b〉+ 1− e
ipi/m
2
| ↓a↑b〉) + sinα sin β| ↑a↑b〉)
+
|−l〉
2
( cosα cos β| ↑a↑b〉+ cosα sin β(1 + e
ipi/m
2
| ↑a↓b〉+ 1− e
ipi/m
2
| ↓a↑b〉)
+ sinα cos β(
1− eipi/m
2
| ↑a↓b〉+ 1 + e
ipi/m
2
| ↓a↑b〉) + sinα sin β| ↓a↓b〉)
+
|+r〉
2
( cosα cos β| ↓a↓b〉+ cosα sin β(1− e
ipi/m
2
| ↑a↓b〉+ 1 + e
ipi/m
2
| ↓a↑b〉)
+ sinα cos β(
1 + eipi/m
2
| ↑a↓b〉+ 1− e
ipi/m
2
| ↓a↑b〉) + sinα sin β| ↑a↑b〉)
+
|−r〉
2
( cosα cos β| ↑a↑b〉 − cosα sin β(1 + e
ipi/m
2
| ↑a↓b〉+ 1− e
ipi/m
2
| ↓a↑b〉)
− sinα cos β(1− e
ipi/m
2
| ↑a↓b〉+ 1 + e
ipi/m
2
| ↓a↑b〉) + sinα sin β| ↓a↓b〉). (21)
Here |±〉 = (|R〉 ± |L〉)/√2.
Lastly, we measure the outputting photon in the {|±〉} basis, and apply some feed-
forward operations on the QDs according to table 1. And then, the joint state of the
whole system is collapsed into
|Φe〉9 = cosα cos β| ↑a↑b〉+ cosα sin β(1 + e
ipi/m
2
| ↑a↓b〉+ 1− e
ipi/m
2
| ↓a↑b〉)
+ sinα cos β(
1− eipi/m
2
| ↑a↓b〉+ 1 + e
ipi/m
2
| ↓a↑b〉) + sinα sin β| ↓a↓b〉. (22)
It is just the result of two–qubit (SWAP)1/m gate on two electron–spin qubits a and b.
That is, the quantum circuit shown in figure 2 can achieve a two-qubit (SWAP)1/m gate
in the two–qubit electron-spin system with a success probability of 100% in principle.
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Table 1. The correlations between the outcomes of the outputting photon and the
feed–forward operations for a (SWAP)
1/m
gate with a success probability of 100% in
principle. Here, σx = | ↑〉〈↓ |+ | ↓〉〈↑ |, σz = | ↑〉〈↑ |−| ↓〉〈↓ | and I2 = | ↑〉〈↑ |+ | ↓〉〈↓ |.
Feed–forward
Detector QDa QDb
D1 (|+l〉) σzσx σzσx
D2 (|−l〉) I2 I2
D3 (|+r〉) σx σx
D4 (|−r〉) σz σz
3. Solid-state controlled–(swap)1/m gate
The operation of the controlled–(swap)1/m gate can be written as
Uc−(swap)1/m =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1+e
ipi/m
2
1−eipi/m
2
0
0 0 0 0 0 1−e
ipi/m
2
1+eipi/m
2
0
0 0 0 0 0 0 0 1

. (23)
The schematic diagram for implementing an electron-spin controlled-(swap)1/m gate is
shown in figure 3, and it can be completed in the following five steps.
First, a single photon in the state |R〉 is injected. Based on the same arguments
as made in above section, one can find that after the incident photon in the state R
interacts with QDc, HWP(−pi/4), QDt1 and QDt2 , the system evolutes from initial state
|ϕep〉0 = |R〉 ⊗ (cosα| ↑c〉+ sinα| ↓c〉)⊗ (cos β| ↑t1〉+ sin β| ↓t1〉)
⊗ (cos δ| ↑t2〉+ sin δ| ↓t2〉). (24)
into
|ϕep〉1 = cosα cos β cos δ|L↑r〉| ↑c↑t1↑t2〉 − cosα cos β sin δ|R↓r〉| ↑c↑t1↓t2〉
− cosα sin β cos δ|R↓r〉| ↑c↓t1↑t2〉+ cosα sin β sin δ|L↑r〉| ↑c↓t1↓t2〉
+ sinα cos β cos δ|L↑l 〉| ↓c↑t1↑t2〉 − sinα cos β sin δ|R↓l 〉| ↓c↑t1↓t2〉
− sinα sin β cos δ|R↓l 〉| ↓c↓t1↑t2〉+ sinα sin β sin δ|L↑l 〉| ↓c↓t1↓t2〉. (25)
Here, HWP(−pi/4) represents a HWP set to −pi/4 resulting in −|R〉 ↔ |L〉.
Second, after Het1 and Het2 are performed on QDt1 and QDt2 , PBS5 leads R
↓
l –
polarized and L↑l –polarized components to roundl1, roundl2, and S
′ = |R〉〈R| −
eipi/m|L〉〈L| gate in succession. While PBS6 guides R↓r–polarized and L↑r-polarized
components to roundr1, roundr2 and HWP(0) continuously. Here, S
′
can be achieved
by employing P(1−m
2m
pi), QWP(pi
4
), HWP(− pi
4m
), QWP(pi
4
). HWP(0) realizes a σz =
Implementations of more general solid-state (SWAP)1/m and controlled-(swap)1/m gates 10
 
ro
u
n
d
r
2
 
roundr1 roundl1 
ro
u
n
d
l2
 
2cavity t
2D
1cavity t
1D
'
S
1PBS
3PBS
2PBS
4PBS
1
BS
Z
Z
cavity cR
R
↓
L
↑
1PBS± 2PBS±
2
BS
4D
3D
3
4
1 2
5PBS
7D
8D6D
5D
5 6
7 8
6PBS
12
3
4
HWP(- /4)pi
HWP(0)
Figure 3. (Color online) Schematic diagram for the construction of a deterministic
controlled–(swap)1/m gate. HWP(−pi/4) represents HWP oriented at −pi/4 degree
to complete the transformation −|R〉 ↔ |L〉. HWP(0) indicates HWP is rotated
at 0 degree performing the operation σz = |R〉〈R| − |L〉〈L| on the passing photon.
S
′
= |R〉〈R| − eipi/m|L〉〈L| denotes phase shift operation acted on the passing photon.
|R〉〈R| − |L〉〈L| operation on the wave packets emitted from the r1 arm. Then, |ϕep〉1
is changed as
|ϕep〉2 = 1
2
(cosα cos β cos δ| ↑c〉(|L↑r2〉| ↑t1↑t2〉 − |R↓r2〉| ↑t1↓t2〉 − |R↓r2〉| ↓t1↑t2〉
+|L↑r2〉| ↓t1↓t2〉)
+ cosα cos β sin δ| ↑c〉(−|R↓r1〉| ↑t1↑t2〉+ |L↑r1〉| ↑t1↓t2〉 − |L↑r1〉| ↓t1↑t2〉
+|R↓r1〉| ↓t1↓t2〉)
+ cosα sin β cos δ| ↑c〉(−|R↓r1〉| ↑t1↑t2〉 − |L↑r1〉| ↑t1↓t2〉+ |L↑r1〉| ↓t1↑t2〉
+|R↓r1〉| ↓t1↓t2〉)
+ cosα sin β sin δ| ↑c〉(|L↑r2〉| ↑t1↑t2〉+ |R↓r2〉| ↑t1↓t2〉+ |R↓r2〉| ↓t1↑t2〉
+|L↑r2〉| ↓t1↓t2〉)
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+ sinα cos β cos δ| ↓c〉(|L↑l2〉| ↑t1↑t2〉 − |R↓l2〉| ↑t1↓t2〉 − |R↓l2〉| ↓t1↑t2〉
+|L↑l2〉| ↓t1↓t2〉)
+ sinα cos β sin δ| ↓c〉(−|R↓l1〉| ↑t1↑t2〉+ eipi/m|L↑l1〉| ↑t1↓t2〉 − eipi/m|L↑l1〉| ↓t1↑t2〉
+|R↓l1〉| ↓t1↓t2〉)
+ sinα sin β cos δ| ↓c〉(−|R↓l1〉| ↑t1↑t2〉 − eipi/m|L↑l1〉| ↑t1↓t2〉+ eipi/m|L↑l1〉| ↓t1↑t2〉
+|R↓l1〉| ↓t1↓t2〉)
+ sinα sin β sin δ| ↓c〉(|L↑l2〉| ↑t1↑t2〉+ |R↓l2〉| ↑t1↓t2〉+ |R↓l2〉| ↓t1↑t2〉
+|L↑l2〉| ↓t1↓t2〉)). (26)
Third, after the wave packets pass through ±PBS1 and ±PBS2, Hadamard
operations Het1 and Het2 are applied on QDt1 and QDt2 , respectively. Here ±PBS1,
±PBS2, Het1 and Het2 transform state of the system into
|ϕep〉3 = 1√
2
(|+r3〉 cosα cos β cos δ| ↑c↓t1↓t2〉 − |−r3〉 cosα cos β sin δ| ↑c↓t1↑t2〉
−|−r3〉 cosα sin β cos δ| ↑c↑t1↓t2〉+ |+r3〉 cosα sin β sin δ| ↑c↑t1↑t2〉
−|−r4〉 cosα cos β cos δ| ↑c↑t1↑t2〉 − |+r4〉 cosα cos β sin δ| ↑c↑t1↓t2〉
−|+r4〉 cosα sin β cos δ| ↑c↓t1↑t2〉 − |−r4〉 cosα sin β sin δ| ↑c↓t1↓t2〉
+|+l3〉 sinα cos β cos δ| ↓c↓t1↓t2〉
−|−l3〉 sinα cos β sin δ(
1− eipi/m
2
| ↓c↑t1↓t2〉+
1 + eipi/m
2
| ↓c↓t1↑t2〉)
−|−l3〉 sinα sin β cos δ(
1 + eipi/m
2
| ↓c↑t1↓t2〉+
1− eipi/m
2
| ↓c↓t1↑t2〉)
+|+l3〉 sinα sin β sin δ| ↓c↑t1↑t2〉 − |−l4〉 sinα cos β cos δ| ↓c↑t1↑t2〉
−|+l4〉 sinα cos β sin δ(
1 + eipi/m
2
| ↓c↑t1↓t2〉+
1− eipi/m
2
| ↓c↓t1↑t2〉)
−|+l4〉 sinα sin β cos δ(
1− eipi/m
2
| ↓c↑t1↓t2〉+
1 + eipi/m
2
| ↓c↓t1↑t2〉)
−|−l4〉 sinα sin β sin δ| ↓c↓t1↓t2〉). (27)
Fourth, after the wave packets emitted from the spatial l4 (l3) converge with the
wave packets emitted from r4 (r3) at 50:50 BS1 (BS2), |ϕep〉3 is converted into
|ϕep〉4 = 1
2
(|+7〉 cosα cos β cos δ| ↑c↓t1↓t2〉 − |−7〉 cosα cos β sin δ| ↑c↓t1↑t2〉
−|−7〉 cosα sin β cos δ| ↑c↑t1↓t2〉+ |+7〉 cosα sin β sin δ| ↑c↑t1↑t2〉
+|+7〉 sinα cos β cos δ| ↓c↓t1↓t2〉
−|−7〉 sinα cos β sin δ(1− e
ipi/m
2
| ↓c↑t1↓t2〉+
1 + eipi/m
2
| ↓c↓t1↑t2〉)
−|−7〉 sinα sin β cos δ(1 + e
ipi/m
2
| ↓c↑t1↓t2〉+
1− eipi/m
2
| ↓c↓t1↑t2〉)
+|+7〉 sinα sin β sin δ| ↓c↑t1↑t2〉 − |+8〉 cosα cos β cos δ| ↑c↓t1↓t2〉
+|−8〉 cosα cos β sin δ| ↑c↓t1↑t2〉+ |−8〉 cosα sin β cos δ| ↑c↑t1↓t2〉
−|+8〉 cosα sin β sin δ| ↑c↑t1↑t2〉+ |+8〉 sinα cos β cos δ| ↓c↓t1↓t2〉
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−|−8〉 sinα cos β sin δ(1− e
ipi/m
2
| ↓c↑t1↓t2〉+
1 + eipi/m
2
| ↓c↓t1↑t2〉)
−|−8〉 sinα sin β cos δ(1 + e
ipi/m
2
| ↓c↑t1↓t2〉+
1− eipi/m
2
| ↓c↓t1↑t2〉)
+|+8〉 sinα sin β sin δ| ↓c↑t1↑t2〉 − |−5〉 cosα cos β cos δ| ↑c↑t1↑t2〉
−|+5〉 cosα cos β sin δ| ↑c↑t1↓t2〉 − |+5〉 cosα sin β cos δ| ↑c↓t1↑t2〉
−|−5〉 cosα sin β sin δ| ↑c↓t1↓t2〉 − |−5〉 sinα cos β cos δ| ↓c↑t1↑t2〉
−|+5〉 sinα cos β sin δ(1 + e
ipi/m
2
| ↓c↑t1↓t2〉+
1− eipi/m
2
| ↓c↓t1↑t2〉)
−|+5〉 sinα sin β cos δ(1− e
ipi/m
2
| ↓c↑t1↓t2〉+
1 + eipi/m
2
| ↓c↓t1↑t2〉)
−|−5〉 sinα sin β sin δ| ↓c↓t1↓t2〉+ |−6〉 cosα cos β cos δ| ↑c↑t1↑t2〉
+|+6〉 cosα cos β sin δ| ↑c↑t1↓t2〉+ |+6〉 cosα sin β cos δ| ↑c↓t1↑t2〉
+|−6〉 cosα sin β sin δ| ↑c↓t1↓t2〉 − |−6〉 sinα cos β cos δ| ↓c↑t1↑t2〉
−|+6〉 sinα cos β sin δ(1 + e
ipi/m
2
| ↓c↑t1↓t2〉+
1− eipi/m
2
| ↓c↓t1↑t2〉)
−|+6〉 sinα sin β cos δ(1− e
ipi/m
2
| ↓c↑t1↓t2〉+
1 + eipi/m
2
| ↓c↓t1↑t2〉)
−|−6〉 sinα sin β sin δ| ↓c↓t1↓t2〉). (28)
Fifth, from equation (28), one can see that after detecting the output photon in
the {|R〉, |L〉} basis and applying some proper feed–forward operations on QDc, QDt1 ,
and QDt2 (see table 2), the state of the whole system will collapse into
|ϕe〉5 = cosα cos β cos δ| ↑c↑t1↑t2〉+ cosα cos β sin δ| ↑c↑t1↓t2〉
+ cosα sin β cos δ| ↑c↓t1↑t2〉+ cosα sin β sin δ| ↑c↓t1↓t2〉
+ sinα cos β cos δ| ↓c↑t1↑t2〉
+ sinα cos β sin δ(
1 + eipi/m
2
| ↓c↑t1↓t2〉+
1− eipi/m
2
| ↓c↓t1↑t2〉)
+ sinα sin β cos δ(
1− eipi/m
2
| ↓c↑t1↓t2〉+
1 + eipi/m
2
| ↓c↓t1↑t2〉)
+ sinα sin β sin δ| ↓c↓t1↓t2〉. (29)
Therefore, the quantum circuit shown in figure 3 can accomplish a deterministic
controlled–(swap)1/m gate which implements a (SWAP)1/m operation on two target QD–
spin qubits if and only if the control QD–spin qubit is in the state | ↓〉.
4. Discussion and conclusion
In an ideal case, the photon–QD emitter will work deterministically and without any
experimental errors. However, the experimental performance of the photon–cavity
emitter (equation (2)) may decrease by a factor of 1 − exp(−τ/T2) due to exciton
dephasing. Here, τ = 1/g is the cavity photon lifetime (Rabi oscillation period). T2 ∼ µs
is the electron spin coherence time, which is limited by the spin-relaxation time T1 ∼ ms.
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Table 2. The relations between the outcomes of the measurements on the photon and
the feed–forward operations for a deterministic controlled–(swap)1/m gate.
Feed–forward
Detector QDc QDt1 QDt2
D1 I2 I2 I2
D2 I2 σz σz
D3 σz I2 I2
D4 σz σz σz
D5 I2 σzσx σzσx
D6 I2 σx σx
D7 σz σzσx σzσx
D8 σz σx σx
The optical dephasing has a slight impact on the photon–QD emitter because the optical
coherence time [58] (several hundred picoseconds [59]) is ten times longer than the cavity
photon lifetime τ (tens of picoseconds [60]). The hole spin coherence time (T h2 > 100
ns) is three orders of magnitude longer than the cavity photon lifetime [59–61], causing
the spin dephasing to be safely neglected. Moreover, the fidelity of the emitter might
be reduced by a few percent as a result of the heavy–light hole mixing generated by
imperfect optical selection rules [62]. Fortunately, the heavy–light hole mixing could
be decreased by improving the shape, size, and type of charged exciton [63, 64]. In
experiment, the coupling loss and mismatch between the photon propagating mode and
the cavity mode will decrease the fidelity of the emitter. The quantum emitter loss
mechanisms in the few-photon regime have been investigated, and great progress has
been made in scenarios of the scattering process [65], material absorption [66], and
spontaneous emissions [67].
The spin-dependent optical rules shown in equation (4) are the key ingredients
in implementing our (SWAP)1/m and controlled–(swap)1/m gates. In practice, the
imperfect birefringence and side leakage from the cavity are unavoidable in the
experiment [68, 69], and they decrease the performance of the photon–QD emitter. We
took into account two such imperfections with the resonant condition ωX− = ωc = ω; t0
and r0 are described by equation (3) with g = 0. t0 and r, t and r0 have opposite signs.
Thus, equation (4) can be modified as
|R↑ ↑〉 → r|L↓ ↑〉+ t|R↑ ↑〉, |R↑ ↓〉 → t0|R↑ ↓〉+ r0|L↓ ↓〉,
|L↓ ↑〉 → r|R↑ ↑〉+ t|L↓ ↑〉, |L↓ ↓〉 → t0|L↓ ↓〉+ r0|R↑ ↓〉,
|L↑ ↓〉 → r|R↓ ↓〉+ t|L↑, ↓〉, |R↓ ↑〉 → t0|R↓ ↑〉+ r0|L↑ ↑〉,
|R↓ ↓〉 → r|L↑ ↓〉+ t|R↓ ↓〉, |L↑ ↑〉 → t0|L↑ ↑〉+ r0|R↓ ↑〉. (30)
To evaluate the performance of the (SWAP)1/m and controlled-(swap)1/m gates, we
calculated the average fidelities and efficiencies of the two gates. In the experiment,
the fidelity and efficiency of the gates were defined by F = |〈ψf |ψi〉|2 and η = noutputninput ,
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respectively. Here, |ψi〉 and |ψf〉 represent the ideal (equation (4)) and practical output
states (equation (30)), respectively. ninput and noutput are the number of detecting
photons before and after the schemes, respectively. Hence, the average fidelities and
efficiencies can be written as
F (SWAP)1/m =
1
(2pi)2
∫ 2pi
0
dα
∫ 2pi
0
dβ|〈Φf |Φi〉|2, (31)
F c−(swap)1/m =
1
(2pi)3
∫ 2pi
0
dα
∫ 2pi
0
dβ
∫ 2pi
0
dδ |〈ϕf |ϕi〉|2, (32)
η(SWAP)1/m =
1
(2pi)2
∫ 2pi
0
dα
∫ 2pi
0
dβ
noutput
nintput
, (33)
ηc−(swap)1/m =
1
(2pi)3
∫ 2pi
0
dα
∫ 2pi
0
dβ
∫ 2pi
0
dδ
noutput
nintput
. (34)
Without considering the coupling loss between the photon-propagating mode and
the cavity mode, the average fidelities and efficiencies of the two gates are functions of
g/κ and κs/2κ, respectively, and are described in figure 4 and figure 5, respectively. It is
observed that the cavity side leakage, imperfect birefringence, and QD–cavity coupling
strength had a great impact on the fidelities and efficiencies. When κs  κ, our schemes
work efficiently, even in weak coupling regimes. When κs > κ is satisfied, efficient joining
schemes work only in strong coupling regimes defined by g > (κ+ κs)/4. For example,
g/(κ+κs) = 2.7 and κs/κ = 0.05 [70] are available, and in this case, the average fidelities
of (SWAP)1/m and controlled–(swap)1/m gates are 99.09% and 98.93%, respectively. If
g/(κ + κs) = 0.5 and κs/κ = 0, the average fidelities are approximately 89.36% and
87.42%, respectively. When g/(κ + κs) = 2.5 and κs/κ = 0, the average fidelities are
approximately 99.98% and 99.97%, respectively, and the average efficiency are both over
96.13%.
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Figure 4. (Color online) The average fidelities of the two more general solid–state
gates as functions of g/κ and κs/2κ. (a) The average fidelity of the (SWAP)
1/m gate;
(b) The average fidelity of the controlled-(swap)1/m gate. wc = ωX− = ω, and γ = 0.1κ
are taken.
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Strong coupling is a challenge in practice. Fortunately, in 2004, κs/κ was reduced
to 0.7 with g/(κ + κs) = 1 [70–72]. The coupling strength g/(κ + κs) was raised
from 0.5 (Q = 8800) [70] to 2.4 (Q = 40000) [73] in 1.5 µm micropillar microcavities
by improving the sample design, growth, and fabrication [71]. g/(κ + κs) = 2.7 was
reported for a single InGaAs QD in 2012 [74]. κs/κ ≈ 0.2 was reported for QD-
pillar cavity in 2012 [75]. It has been reported that κs/κ = 0.05 in the strong regime
could be achieved in a pillar microcavity with Q = 9000 [70]. As quality factor Q
increases, the side leakage rate κs may decrease [76]. Experiments have shown that the
existence of strong coupling is registered to a single QD with a coupling rate attaining
to 120 meV [77,78]. Strong coupling of QD emitters has had major breakthroughs [79].
Furthermore, coupling strength variations have been explained in diverse structures of
a single QD at room temperature, which provides a possible solution for the realization
of strong coupling [80].
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Figure 5. (Color online) The average efficiencies of the proposed two more general
solid-state gates as functions of g/κ and κs/2κ. (a) The average efficiency of
the (SWAP)1/m gate; (b) The average efficiency of the controlled–(swap)1/m gate.
wc = ωX− = ω, and γ = 0.1κ are taken.
To summarize, we have proposed two deterministic schemes to implement solid–
state more general (SWAP)1/m and controlled–(swap)1/m gates for integer m ≥ 1.
Particularly, one can obtain SWAP and Fredkin gates for m = 1; one can also acquire
(SWAP)1/2 for m = 2. The long–distance gate qubits are bridged by flying single–
photon mediate. The flexible parameter m in these gates can be adjusted by using
two QWPs and one HWP. It is known that at least six photon–matter interactions are
required to implement a photonic or matter SWAP gate, that the optimal synthesis of
a SWAP gate is three CNOT gates [1], and that one or two photon–matter interactions
are not sufficient for implementing a CNOT gate. Two parity–check gates and one
additional computational qubit are necessary to implement a parity-check-based CNOT
gate [81,82]. Five two-qubit gates (four additional computational qubits) are required to
synthesize a cross-Kerr-based Fredkin gate [83]. Therefore, our schemes are superior to
their synthesis-based counterparts, in terms of CNOT gates [84,85], and the cross-Kerr-
based schemes [86]. Moreover, large Kerr nonlinearity is a huge challenge for the current
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technology. Additional computational qubits, necessary for parity-check-based and
cross-Kerr-based universal gates [87], are not required in our schemes. The evaluations of
these two gates show that our schemes are feasible with current experimental technology.
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